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Cyclic voltammetry of PVA/CuI polymer composites was studied in acetonitrile as a solvent containing 
Tetrabutylammonium tetrafluoroborate (TBAFB). Cyclic voltammogram of PVA/CuI polymer composites 
exhibited unidirectional oxidative peak in the forward scan and irreversible reductive peak in the 
negative scan. The voltammetric behaviour explored that the electrode reaction of the investigated 
composite proceeds as EC mechanism. The highest occupied molecular orbital (HOMO) and the lowest 
unoccupied molecular orbital (LUMO) energy levels of the PVA/CuI nanocomposites were estimated 
from cyclic voltammetry. The chemical and electrochemical parameters of the investigated composite 
were determined and discussed using cyclic voltammetry, convolutive voltammetry and digital 
simulation methods.   
 
Key words: Polymer composite, polyvinyl alcohol, cyclic voltammetry, convolutive voltammetry. 

 
 
INTRODUCTION  
 
Solid polymer electrolytes (SPEs) have been extensively 
studied for application in many electrochemical devices, 
such as cellular phones, smart credit cards, and laptop 
computers (Gray, 1991). The unique physical and 
chemical properties of nanoparticles, which are different 
from their bulk counterparts, offer excellent opportunities 
for chemical and biological sensing (Carusu, 2001; 
Storhoff and Mirkin, 1999). The facilitation of the electron 
transfer can significantly improve the sensitivity via 
introducing the nano-particles into the sensing interface 
(Kang et al., 2008; Park et al., 2005). The size 
controllability, chemical stability, high catalysis activity 
and surface tenability make them very advantageous for 
various electroanalytical and electrocatalytic applications 
(Park et al., 2005; Xiao et al., 2008).  

Solar energy conversion devices based on organic 
semi-conductors has attracted great attention due to the 
advantages of light weight, flexibility and low cost of 
production with  the  possibility  of  fabricating  large  area 

devices based on solution processing. New materials and 
fabrication procedures leading to the substantial reduced 
cost of photovoltaic electricity could help drive a rapid 
expansion in the implementation of photovoltaic 
technology. The need to improve the light-to-electricity 
conversion efficiency requires the implementation of such 
materials and the exploration of new device architectures 
(Nielsen et al., 2010; Genes et al., 2007; Maggini et al., 
2010; Krebs et al., 2010). It is well known that the 
electrical and optical properties of polymers can be 
improved to a desired limit through suitable doping (Blom 
et al., 1998). Further, polymers, on doping with metal 
nanoparticles, show novel and distinctive properties 
obtained from the unique combination of the inherent 
characteristics of polymers and properties of the metal 
nanoparticles (Gautam and Ram, 2010). Over the years, 
polyvinyl alcohol (PVA) polymers have attracted attention 
due to their variety of applications. PVA is a potential 
material  having  high  dielectric  strength,   good   charge
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storage capacity and dopant-dependent electrical and 
optical properties. It has carbon chain backbone with 
hydroxyl groups attached to methane carbons; these OH 
groups can be a source of hydrogen bonding and hence 
assist the formation of polymer composite (Yang et al., 2006).   

Cuprous iodide (CuI) is a versatile candidate in band 
gap materials (CuI, CuSCN, and CuAlO2) that were 
identified in the preparation of optical properties of thin 
film. CuI belongs to the I–VII semiconductors with zinc 
blend structure. Conducting materials and optically 
transparent films aroused much interest in the capability 
of application in electronic devices such as liquid crystal 
displays, photovoltaic devices, photothermal collectors 
and so on. The most interesting nature of this compound 
is that an inorganic semiconductor and its coordination 
chemistry let it readily couple with many inorganic and 
organic ligands as well (Yang et al., 2006; Tennakone et 
al., 1998; Kumara et al., 2001, Tonooka et al., 2002; 
Dherea et al., 2010; Kamat, 1994).   

The crucial factors for the use of a semiconducting 
material as an active layer in the solar cells are the band 
gap and optical absorption of the material. The relatively 
large band gap of polymer such as PVA limits the 
absorption of near-infrared light and thus lowers the light 
harvesting and therefore cannot be used as an active 
layer in organic solar cells. The control over the band gap 
is necessary while designing new materials for organic 
solar cells. The band gap engineering allows one to 
design and synthesize new materials with maximum 
overlap of absorption spectrum with the solar emission 
spectrum. It is often found that the synthesis of low band 
gap polymer is not only the solution to address this 
problem but also the position of highest occupied 
molecular orbital (HOMO) and lowest unoccupied 
molecular orbital (LUMO) limits the open-circuit voltage 
(Voc) of the photovoltaic cell. These two properties of 
organic materials can be controlled by introducing 
nanoinorganic salts or introducing alternative electron 
rich and electron-deficient units in the polymer backbone 
(Kanimozhi et al., 2010; Peiova and Grozdanov, 2005).   

In the present work, the PVA polymer was prepared 
with and without the inorganic salt CuI nanoparticles to 
produce p-type PVA/CuI nanocomposite with suitable 
energy band gap which matches with the solar energy 
spectra. Cyclic voltammetry technique was used to 
characterize the PVA/CuI polymer composite. The 
chemical and electrochemical parameters were 
calculated and discussed as unprecedented calculation. 
Digital simulation and convolutive voltammetry were used 
to support, verify and confirm the calculated parameters 
and the nature of electrode reaction.   
 
 
EXPERIMENTAL PROCEDURE 

 
Chemicals 

 
Tetrabutylammonium tetrafluoroborate (TBAFB) (Sigma) were used  

 
 
 
 
without further purification. A polyvinyl alcohol polymer (PVA 
99.9%), acetonitrile (99.9%), dimethyl sulfoxide (DMSO 99.9%) and 
CuI (99.5%) used in the present study were purchased from 
Sigma–Aldrich. Solution of polyvinyl alcohol (PVA) was prepared by 
adding deionized distilled water to solid PVA (C2H4O)x (where x = 
30,000–70,000, average molecular weight) and then stirred by a 
magnetic stirrer at room temperature for 2 h. The composite film 
was formed by drop casting of composite solution in dimethyl 
sulfoxide (DMSO) on the working electrode, Indium Tin Oxide, (ITO). 
In order to remove the residual Dimethyl sulfoxide (DMSO) from the 
composite film, we heated the composite film at 50°C over-night. 

The structure of the polymer electrolyte layers was investigated 
and confirmed in previous work (Sheha et al., 2012) using X-ray 

diffraction via ShIMADZU diffractometer type XRD 6000, wave 
length 1.5418 ˚A. In addition, the surface morphology of these 
nanocomposites was also examined using scanning electron 
microscope, SEM (JOEL-JSM Model 5600) (Sheha et al., 2012).   
 
 
Instrumentation 

 
The electrochemical cyclic voltammetry was conducted on the 

electrochemical instrument linked to an EG & G model 283 
Potentiostat at 20°C in a 0.1 mol. Acetonitrile solution of 
tetrabutylammonium tetrafluoroborate (TBAFB) as background 
electrolyte at potential scan rate of 100 mV/s using Ag/AgCl 
reference and platinum wire as counter electrodes, respectively. 
Indium tin oxide was used as working electrode.   

Convolutive voltammetry and digital simulation of the data for 
cyclic voltammetric experiments was performed on PC computer 
using EG & G Condesim software package. The simulation 

procedure was carried out using finite differences techniques. 
Algorithms for the simulation program were coded and implemented 
into the condesim software package supplied by EG & G. A direct 
method of the determined electrochemical parameters was 
performed by generating the simulated cyclic voltammogram of 
PVA/CuI using the average values of electrochemical parameters 
extracted experimentally and comparing it with the voltammogram 
recorded experimentally.   

 
 
RESULTS AND DISCUSSION 
 
Cyclic voltammetry study  
 
Cyclic voltammetry was performed on the PVA/CuI in 
order to assess its electroactivity. Cyclic voltammetry 
revealed the presence of one oxidation and one reduction 
waves as illustrated in the voltammogram shown in 
Figure 1. The range of the scan was between +2 V to -2 
V with a scan rate of 0.1 V.s

-1
. Cyclic voltammetry (CV) 

confirmed the presence of a charge capacity (area under 
CV curve) for the PVA/CuI. The curve also indicated the 
presence of an intrinsic redox reaction between the 
electrode and the PVA/CuI, at the potential applied 
between +2 V and -2 V, resulting in an ion exchange 
between the electrodes and the electrolytes in the 
solvents carrying the mobile charged carriers to and from 
the PVA/CuI.   

Cyclic voltammogram of CuI/PVA polymer composite 
recorded in 0.1 mol L

-1
 TBAFB/ acetonitrile at indium tin 

oxide (ITO) electrode and scan rate of 0.1 V s
-1

 exhibited a 
single anodic  peak (Epa = 1.370 V)  in  the  positive  scan



  

El-Hallag et al.          1875 
 
 
 

 

-2 -1 0 1 2
-0.003

-0.002

-0.001

0.000

0.001

0.002

i/
A

E/V

 
 

 

Figure 1. Cyclic voltammogram of PVA/CuI nanocomposite in CH3CN/0.1 M 
Tetrabutylammonium tetrafluoroborate (TBAFB) at sweep rate of 0.1 V.s

-1
. 

 
 
 

Table 1. Values of the electrochemical parameters of the investigated PVA/CuI polymer composite at ITO electrode.  

 

Electrochemical  

parameter 

Method 

CV Convolution Deconvolution Simulation 

Ox Red Ox Red Ox Red Ox Red 

ks x 10
6

 (cm.s
-1

)       3.53 2.65 

D x10
6
(cm

2
.s

-1
) 2.32 3.23 2.75 3.26   2.13 3.45 

E
0
, V       0.71 -0.23 

kc , s
-1
       0.05 0.04 

Ep- Ep/2, V 0.550 0.252     0.554 0.257 

         

w
1/2

, V 0.397 0.320       

ip,x10
3

 A 1.70 1.21     1.73 1.25 

Ep, V 1.35 0.50     1.36 0.52 

Ilim x10
3
, (A.s

-1/2
)   4.1 2.5     

 
 
 
and a unidirectional  cathodic  peak (Epc = - 0.510 V) in 
the negative scan at 20°C (Figure 1). Under normal 
circumstances, PVA exhibits one oxidation peak 
(Kanimozhi et al., 2010). The voltammogram depicted in 
Figure 1 exhibited two single redox waves. These redox 
waves may be due to more intricate reactions occurring 
between the PVA/CuI, the electrolytes and the electrode.   
The oxidative and reductive waves of the recorded cyclic 
voltammogram may be attributed to slow electron transfer 
followed by fast chemical reaction as indicated from the 
absence of counter peaks coupled with anodic and 
cathodic processes, that is, the electrode behaviour of 
the CuI/PVA polymer composites solution proceed as 
ECirr mechanism for oxidation and reduction steps (El-
Hallag and Hassanien, 1999).     

The formal potential (E
0’
), heterogeneous rate constant 

(ks), the symmetry coefficient (α) and the homogeneous 
chemical rate constant (kc ) of oxidation and reduction 
steps  were determined from simulated voltammograms 
and  cited in Table 1. The generated theoretical cyclic 
voltammogram is indicated in Figure 2. In the selected 
scan rate (0.1 V.s

-1
), the difference in the peak potential 

and half peak potential (Ep - Ep/2) of the anodic and the 
cathodic reactions were found to be 550 and 252 mV 
respectively. This behaviour may be due to the sluggish 
nature of the rate of electron transfer in addition to some 
uncompensated solution resistance of the CuI/PVA 
polymer composites solution (Oldham, 1983). Also the 
values of half peak width indicate that the oxidative 
process is slower than the reductive process.     
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Figure 2. Simulated cyclic voltammogram of PVA/CuI polymer composite at sweep rate of 0.1 

V.s
-1

. 

 
 
 

Effective charge transports from donor to acceptor 
component and charge collection at the electrodes are 
important parameters for designing and optimization of 
organic bulk heterojunction photovoltaic devices. In this 
regard, the electrochemical data gives valuable 
information and allow the estimation of relative position of 
HOMO/LUMO levels of the materials used for device 
fabrication. The knowledge of these levels is required for 
finding suitable donor-acceptor combination for the 
efficient bulk hetero-junction photo-voltaic device based 
on organic materials. The method of evaluation the 
HOMO and LUMO energy levels from the onset oxidation 
and reduction potentials have been proposed in 
literatures (Meng and Wudl, 2001). The position of 
HOMO and LUMO level has been determined from the 
analysis of redox potential behavior observed in cyclic 
voltammogram curve shown in Figure 1, using the 
expressions (1) and (2).  
  

EHOMO = -EOX
onset

  - 4.75 eV                                                      (1) 
 

ELUMO = -Ered
onset

  -  4.75 eV                                 (2) 
 

Values of EOX
onset

, Ered
onset

 , EHOMO and  ELUMO  are 0.8, -
0.23, -5.55 and -4.52 V respectively. Energy gap (Eg =  
ELUMO - EHOMO) in this material is found to be 1.05 eV. As 
indicated the cyclic voltammetry measurements have 
been performed to ascertain the position of both HOMO 
and LUMO levels which illustrated a movement of HOMO 
level towards vacuum level.    
 
       
Convolution-deconvolution voltammetry 
 
The convolution theorem finds use in the situation where  

it is required to perform the inverse transformation on a 
function which is the product of two functions of the 
Laplace variable each of which individually have known 
inverse transformations. In such a situation, the 
convolution theorem gives (Oldham, 1983; El-Hallag and 
Ghoneim, 1996) 
  

 

                                           0   

           L 
- 1   [f s (s).g s   (s)] = ∫  G ( u ) F ( t - u)   du                                ( 3   )   

                                          t   
                     (3) 

 
in which  fs, gs  are the Laplace transform of the functions 
F and G, the variable u is a dummy variable which is lost 
when the definite integral is evaluated. For the following 
reaction, in which a given species undergoing only 
electron transfer and no subsequent processes other 
than ‘linear’ 
     

     A + ne                      B                                                    (4) 

 

                          (4) 
 
diffusion out in the solution from a planar electrode, that 
is, the Fick’s Second Law is expressed as (El-Hallag and 
Ghoneim, 1996)  
 

[∂CA/∂t] x = DA [∂2CA/∂x2] x                                    (5) 
 
then the solution of the above via Laplace methods yields 
 

(Cbulk – Cs)=I1 / n FSD1/2
A                                (6) 

 
and 
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Figure 3. Convolution voltammetry (I1) of PVA/CuI polymer composite at sweep 
rate of 0.1 V.s

-1
. 

 
 
 

Cbulk =Ilim / n FSD1/2
A 

                                               (7) 
 

where C
bulk

 and  C
s
 are the bulk  and surface 

concentrations respectively and the convolution I1 is 
given by I1 = i*(πt)

-1/2
 or more ‘fully’ as: 

 

 

  

                                        t   

                    I 1 (t) =  

 

                                       t 

                  I1(t) = π-1/2 ∫i (u) / (t-u)1/2du                                 (8) 

                                      0   

 
- 
1/2  ∫ i ( u) / (t - u) 

1/2 du                                          (8 )   

                                       0       
                                     (8) 

 

where I1 (t) is the convoluted current at the total elapsed 
time (t), i (u) is the experimental current at time u and Ilim 
is the limiting value of I1 at ‘extreme’ potentials; that is, 
when the concentration at the electrode C

s
 is effectively 

reduced to zero by rapid redox conversion and the 
current is thus controlled solely by the maximum rates of 
diffusion to and from the electrode. In the case of electron 
transfer followed by homogeneous reaction, the species 
here are produced by electron transfer at a planar 
electrode and convert into new product in the bulk via a 
chemical reaction with rate constant kc. The Fick’s 
Second Law expression is now (El-Hallag, 2009; Blagg et 
al., 1985):   
 

[∂CB/∂t]x = DB[∂2CB/∂x2] x – kc CB (at x)                   (9) 
 

and solution via Laplace methods gives here, necessarily 
starting at zero concentration in the bulk, the following 
electrode concentration  in the bulk: 
 

Cs
B = I2 / nFAD1/2

B                                                    (10) 
 
where the ‘kinetic’ convolution I2 is given by Blagg et al., 
(1985).   

 
 
 

 

  

                      0   

I 2 
  
(t)=   

 

                     0 

I2 (t)= π -1/2 ∫[ i(u) exp(-kc(t-u))]/(t-u)1/2du                             (11) 

                    t 
 

  
- 1/2 

  ∫ [ i(u) exp( - kc(t - u))]/(t - u) 1/2 du                               (11 )   

                     t                        (11) 
 
Thus in the I2 convolution at time t, each segment of i(u) 
is scaled by dividing by the square root of the time which 
has elapsed from t to the time u to which the segment 
refers and likewise is scaled by the exponential factor 
exp(-kc(t-u)). Thus I2 for example now goes to a plateau 
(at zero) on return of the sweep in cyclic voltammetry and 
this property allows determination of kc in the case of the 
appearance of counter peaks coupled with anodic and/or  
cathodic peaks, otherwise the kc is determined from 
digital simulation . 

The diffusion coefficient of the investigated composite 
was determined, after applying background subtraction 
and correction for uncompensated resistance, from 
combination between cyclic voltammetry and convolution 
voltammetry via the following Equation 12 (Blagg et al., 
1985; Doetsch, 1953; El-Hallag et al., 2000). 
 

Ilim = ip / 3.099( αna v)1/2
                                        (12) 

                                   
where Ilim is the limiting value achieved for I1 when the 
potential is driven to a sufficiently extreme value past the 
peak, ip  is height of peak current of the cyclic 
voltammogram and the other terms has their usual 
meanings. The I1 convolution of the investigated 
compound illustrated in Figure 3 shows a distinct 
separation between the forward and reverse sweep and 
clearly indicates the sluggishness of electron transfer of 
the electrode pathway. The reverse sweep of the I1 
convolution of both anodic and cathodic peaks does not 
return to zero  due  to  the  fast  chemical  reaction  which  
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Figure 4. Deconvolution voltammetry (dI1/dt) of PVA/CuI polymer composite 

at sweep rate of 0.1 V.s
-1

. 

 
 
 
appears at time scales of the experiment. Value of the 
diffusion coefficient D evaluated via Equations 12 was 
found at 3.45 ± 0.5 x10

-6
 cm

2
s

-1
. The homogeneous 

chemical rate constants (k
ox

c and k
red

c) of the chemical 
step that follows the charge transfer of both anodic and 
cathodic electrochemical reactions was calculated via 
digital simulation and listed in Table 1.   

The deconvolution of current (dI1/dt) can be expressed 
as the differential of the I1 convolution. In more general 
terms, deconvolution is a kin to semi-differentiation in a 
similar manner to considering t

-1/2
 convolution as semi-

integration. The relationship between t
-1/2

 convolutions 
and deconvolutions is indicated in the following scheme: 
  

                                               convolution             convolution 

                                (dI1/dt)                          i                                  I1 (t)                 

                                               deconvolution        deconvolution  

                                     

 
 

Figure 4 indicates the deconvolution votammogram of the 
investigated polymer composite at 0.1 V.s

-1
. It was found 

that the peak width (w
1/2

) of andodic and cathodic 
process are equal 397 ± 4 mV and 320 ± 4 mV 
respectively. The measured values of w

1/2
 are more than 

90/n mV expected for one electron nernstain process 
confirming the slow nature of electron transfer (Saveant 
and Tessier, 1975).  
 
 

Conclusion 
 

In this article, CuI/PVA nanopolymer composites were 
prepared. The characterization of the composite using 
cyclic  voltammetry  and   convolutive   voltammetry   was 

done as first time. The electrochemical band gap 
estimated from the cyclic voltammetry agrees well with 
the trend observed with the optical band gap established 
in literature. This can be easily understood in terms of the 
HOMO and LUMO energy levels of composites with 
respect to the work functions of both electrodes. From 
cyclic voltammetric measurements, it was concluded that 
the oxidation and reduction process proceeds as slow 
electron transfer followed by fast chemical process. The 
chemical and electrochemical parameters of polymer 
composite was determined and discussed.    
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The differential transform method (DTM) has been applied to solve many functional equations so far. In 
this paper, we propose this method (DTM), for solving nonlinear Jaulent-Miodek and the Hirota-Satsuma 
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method. 
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INTRODUCTION 
 
The differential transform method has been successfully 
used by Zhou (1986) to solve linear and nonlinear initial 
value problems in electric circuit analysis. In recent years, 
differential transform method (DTM) has been used to 
solve one-dimensional planar Bratu problem, differential-
difference equation, delay differential equations, 
differential algebraic equation, integro-differential 
systems (Rostam et al., 2011; Kanth and Aruna, 2008; 
Zhou, 1986; Raslan and Zain, 2013; Raslan et al., 2012; 
Arikoglu and Ozko, 2008; Adbel-Halim, 2008; Wazwaz, 
2000). We reformulate DTM to solve nonlinear Jaulent-
Miodek and the Hirota-Satsuma equation and compare 
our results with the exact solutions. 

The structure of this paper is organized as follows: 
firstly, we begin with some basic definitions and the use 
of the proposed method. Later, we apply the differential 
transformation method to solve Jaulent ـMiodek(JM) 
equation and the Hirota-Satsuma equation in order to 
show its ability and efficiency. 

DESCRIPTION OF THE METHODS  
 
The differential transform method (DTM)   
 
The differential transformation of the kth-order derivative 

of function  is defined as follows: 

 

                                          (1) 

 

Where  is the original function,  is the 

transformed function and  is the kth derivative with 

respect to x .The differential inverse transform of  is 

defined as: 
 

                                 (2)
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Combining Equations 1 and 2 we obtain 
 

        (3) 

 

The following theorems that can be deduced from 
Equations 1 and 2 are given (Rostam et al., 2011; Kanth 
and Aruna, 2008; Raslan and Zain, 2013; Raslan et al., 
2012). 
 

Theorem 1: If the original function is 

, then the transformed function is  

 . 
 

Theorem 2: If the original function is .  

 then the transformed function is 
   

. 
 

Theorem 3: If the original function is    . 

then the transformed function is . 

 

Theorem 4: If the original function is 
 

 

then the transformed function is.  

 

Theorem 5: If the original function is  then 

the transformed function is  
 

. 

 

Theorem 6: If the original function is 

, then the transformed function is 

   

 
 
 

APPLICATIONS 
 

In this section, we propose the extended DTM, for solving 
Jaulent-Miodek(JM) equation and the Hirota-Satsuma 
equation. Numerical solutions obtained by the DTM are 
compared with the exact solutions, and compared with 
that obtained by Adomian decomposition methods (ADM) 
methods (Jafar and Mostfa, 2011; Raslan, 2004). The 
results for some values of the variables are shown in 
tables and the solutions are presented as plots as well, 
showing the ability of the method. 
 
 

Consider the following Jaulent-Miodek equation 
(Jafar and Mostfa, 2011) 
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with an initial condition 

 

).(sec)0,(

),(sec
4

3
)(sec

2

1

4

1

4

1
)0,( 22

xhxv

xhxhxu







   (5) 

 
with the exact solution 
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Then, by using the basic properties of the reduced 
differential transformation, we can find the transformed 
form of Equation 4 as 
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Using the initial condition (5), we have 
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Now, substituting Equation 7 into Equation 6, we obtain 
the following Uk(x) values successively 

 

 
 

 (8) 
 
Substituting Equation 6 into Equation 3, we obtain the 
following U2(x) and V2(x) values successively. Finally the 
differential inverse transform of Uk(x) and Vk(x) gives: 
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For numerical study, terms approximations have been 
considered, and the results are presented in Tables 1 to 
2 and Figures 1 to 2. 
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Table 1. The numerical results un(x,t) and vn(x,t) in comparison with the analytical solution u(x,t)and v(x,t), when 

 [6]for solution of Equation 1. 

 

x T Uexact. Uapprox. Abs. error Vexact. Vapprox. Abs. error. 

0.1 0.1 -0.00552422 -0.00552422 -7.31186×10
-15

 0.109995 0.109995 4.09811×10
-14

 

0.1 0.15 -0.00552421 -0.00552421 -1.64166×10
-14

 0.109995 0.109995 9.20652×10
-14

 

0.15 0.1 -0.00552324 -0.00552324 -1.74314×10
-14

 0.109989 0.109989 1.03195×10
-13

 

0.2 0.3 -0.00552185 -0.00552185 -2.85525×10
-13

 0.10998 0.10998 1.73363×10
-12

 

0.35 0.25 -0.00551544 -0.00551544 -6.2866×10
-13

 0.109938 0.109938 3.92535×10
-12

 

0.45 0.45 -0.00550916 -0.00550916 -3.38924×10
-12

 0.109898 0.109898 2.13474×10
-11

 

0.45 0.7 -0.00550907 -0.00550907 -8.18441×10
-12

 0.109897 0.109897 5.15872×10
-11

 

0.8 0.8 -0.00547509 -0.00547509 -3.39431×10-11 0.109677 0.109677 2.16775×10
-10

 

0.85 0.95 -0.00546861 -0.00546861 -5.39471×10
-11

 0.109636 0.109636 3.45017×10
-10

 

0.9 0.9 -0.0054619 -0.0054619 -5.42248×10
-11

 0.109592 0.109592 3.47153×10
-10

 

1 1 -0.00544719 -0.00544719 -8.23443×10
-11

 0.109497 0.109497 5.28343×10
-10
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 Figure 1. The numerical results for un(x,t) and vn(x,t) in comparison with the analytical solution u(x,t) and v(x,t). 

 
 
 
Consider the Hirota-Satsuma equation (Raslan, 2004) 
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Table 2. Comparison between the approximation solutions (DTM) and approximation solutions (ADM) when 

=0.1  and  t =1 (Raslan, 2004). 

 

X 
Approximation solutions (DTM),N=4 Approximation solutions (ADM),N=4 

Uapprox. Vapprox. Wapprox. Uapprox. Vapprox. Wapprox. 

-50 0.346645 0.0657245 1.99978 0.346645 0.0657245 1.99978 

-40 0.346506 0.0656679 1.99836 0.346505 0.0656678 1.99836 

-30 0.345492 0.0652524 1.98798 0.345487 0.0652518 1.98796 

-20 0.338608 0.0623122 1.91447 0.338603 0.0623089 1.91437 

-10 0.310292 0.0462485 1.51288 0.310816 0.0462566 1.51308 

0 0.307185 0.0261333 1.01000 0.307183 0.0261307 1.00993 

10 0.348145 0.0513519 1.64047 0.348596 0.0513653 1.64080 

20 0.348941 0.0634004 1.94168 0.348992 0.0634044 1.94178 

30 0.347039 0.0654094 1.9919 0.347044 0.0654099 1.9919 2 

40 0.346718 0.0656893 1.9989 0.346719 0.0656894 1.99890 

50 0.346674 0.0657274 1.99978 0.346674 0.0657274 1.99985 

 
 
 

 
 (a)                                           (b) 

                                      
      (c) 

 
 

 
Figure 2. The approximation solutions of un(x,t), vn(x,t) and wn(x 
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with an initial condition 
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Then, by using the basic properties of the reduced 
differential transformation, we can find the transformed 
form of Equation 10 as 
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Using the initial condition (11), we have 
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Now, substituting Equation 13 into Equation 12, we 
obtain the following Uk(x) values successively 
 

 
 

(14) 
 

 
 
Substituting Equation 14 into Equation 12, we obtain 
U2(x) and V2(x) values. Finally the differential inverse 
transform of Uk(x) and Vk(x) gives: 
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Conclusion  
 
The DTM has been successfully applied for solving the 
nonlinear Jaulent-Miodek and the Hirota-Satsuma 
equation. The solutions obtained by DTM are compared 
with the exact solution. The results show that DTM 
method is a powerful mathematical tool for solving 
systems of nonlinear partial differential equations, which 
appears in mathematical modeling of different 
phenomena. These models have been solved by 
homotopy perturbation method and by Adomian's 
method. DTM method in comparison with ADM and HPM 
has the advantage of overcoming the difficulty arising in 
calculating ADM and HPM. 
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Unlike in Newtonian mechanics, in the theory of relativity, the coordinate axis is not fixed, and the time 
axis serves as the background for the observation. In other words, the theory of relativity is background 
independent (BI). The quantum theory created in the micro-world, in contrast, is background dependent 
(BD). Efforts to unify both by BI have not yielded much success. In addition, it is recognized that we 
cannot consider gravity in a quantum theory by BD. This paper focuses on neither the BI method based 
on the invariant speed of light and the inertial mass observed only in the uniform field nor the method 
to consider gravity in an existing quantum theory. By using the invariant mass and the speed of light in 
the frame of reference of the free space of the electromagnetism as well as the observed variable mass 
and wave speed, a method to link them to the equivalence of light’s momentum was explained. In 
addition, some cases in which we can observe space from a micro-world by the equivalence principle 
were examined. 
 
Key words: Background independent, gravity, free space, electromagnetism, invariant mass, variable mass, 
speed of light, wave speed. 

 
 
INTRODUCTION 
 
In this paper, given the established principles of 
electromagnetism, they were logically and rationally 
integrated with those of mechanics. The electromagnetic 
correlation between the speed and energy of light was 
defined and interrelated with the mechanics of the 
energy, momentum, mass, and speed of light. The 
question of whether gravity should be taken into 
consideration in the electromagnetic analysis of free 
space and vacuums is also addressed. Moreover, a 
deviation was made from the approach of the theory of 
relativity, which unifies electromagnetism and mechanics 
by disregarding gravity and assuming that the speed of 
light is constant. The two fields were unified by 
considering  the  interrelation  of  gravity  and  mass   and 

assuming a fixed speed of light in free space. This 
assumption is the most important aspect of the 
proposition of this paper. 

Firstly, the known facts of classical physics were 
stated, including (1) the speed and energy of light waves, 
and (2) the mass and velocity of a material in free space. 
Some unique terms and symbols used in this paper were 
also defined, highlighting the difference between particle 
velocity (v) and wave speed (w) and went further to 
discuss the following issues about gravity, based on the 
assumptions already made: 
 
i. Gravitational mass and the light wave speed under 
gravity.  
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Figure 1. Propagation of a light wave. 

 
 
 
ii. Mass and velocity of a material under gravity.  
iii. Mass and speed of photons under gravity. 
iv. The speed of light and the wave speed are different 
physical quantities. 
v. Matter wave and uncertainty relation. 
 
Finally, a conclusion from the abovementioned 
considerations was derived, and the correlation of speed, 
mass, momentum, energy, and quantum in the context of 
logical and rational integration of electromagnetism and 
mechanics were summarized. This integration is based 
on the interrelation of the physical quantities in terms of 
the equivalence principle by the momentum of light. 
 
 
SPEED AND ENERGY OF LIGHT WAVES WITHOUT 
TAKING GRAVITY INTO CONSIDERATION 
 
In electromagnetism, free space is a virtual space where 
no matter exists. It is defined by physical constants such 
as the speed of light in a vacuum (free space), magnetic 
permeability of a vacuum (free space), and permittivity of 
a vacuum (free space). Maxwell’s equation of the speed 
of propagation of an electromagnetic field is as follows: 
 

00με
１C                  (1) 

 

where C is the speed of light, and 0μ  and 0ε  are the 

permeability and permittivity of a vacuum (free space), 
respectively (Figure 1). The correlation between the 
electromagnetic wave energy (E), absolute value of the 
momentum of light (P), and speed of light (C) can be 
derived from the theory of electromagnetism alone: 
 

PCE                  (2) 

  
Furthermore, in the MKSA system or the International 

System of Units (SI), the absolute refractive index 0n  is 

obtained by dividing the speed of light in a vacuum (free 
space) (C) by the light wave speed in a medium (w). In 
other words, it is given by the phase speed. 
 

00

0
με

εμ
　

w

C
n                (3) 

where ,  are the permeability and permittivity of the 

medium, respectively. It can be observed from the above 
that the light wave speed in a medium changes and is 
refracted relative to the speed of light in a vacuum (free 
space). 
 
 

VELOCITY AND INERTIAL MASS OF MATTER 
WITHOUT TAKING GRAVITY INTO CONSIDERATION 
 

According to the observations of Kaufmann’s 
experiments on bending beta rays (Boorse and Motz, 
1966), the inertial mass (m') varies when the velocity (v) 

of the center of gravity of an object’s rest mass ( 0m ) 

changes (Figure 2). 
 

2222
0 Cv1

1

vC
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           (4) 

 

The momentum of light (P) is obtained from the 
correlation among the speed of light in free space (C), 
particle velocity (v), and wave speed (w): 
 

wmvCmCmP 22

0
             (5) 

 
The energy (E) is obtained by multiplying the momentum 
of light by the speed of light (C):  
 

wCm)w(vmCmPCE 22

0

2

0
             (6) 

 
 
GRAVITATIONAL MASS AND LIGHT WAVE SPEED 
UNDER GRAVITY 
 
If we consider free space as the standard, Earth’s 
substances would exert a gravitational influence on the 
matter field of the surface. If the propagation speed of the 
light waves observed on Earth’s surface is (w) and the 
gravitational potential on Earth’s surface is given by 2ϕ = 
2GM/r, then the sum (Equation 8) of the gravitational 
potential corresponds to the speed of light (C) in free 
space. It can thus be determined from the equation for 
the fixed speed of light (Equation 1) that the light wave 
speed decreases with increasing gravity (Figure 3). 
 

fλw                         (7) 
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Figure 2. Movement of mass. 

 
 
 

 

 

 

 
 

Figure 3. Perturbation between a light wave and a mass. 

 
 
 

where f is the frequency of the wave and λ , the 
wavelength 
.   

2wC 22 
              (8) 

 
Gravitational mass (M) is the product of the material 

density (
22 wC  ) and the radius (r) of the earth divided 

by the constant (2G). Therefore, there is no mass (M = 0) 
if there is no volume (r = 0). 
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This is equivalent to the potential ( 2GM/rv
2

2  ) of the 

second cosmic velocity ( 2v ). 

MATERIAL MASS AND VELOCITY UNDER GRAVITY 
 
If the object's gravitational mass (M) is considered to be 
equal to the inertial mass (m) of its particle motion 

( 2,v2
), then the difference between the rest mass 

under gravity ( 0m ) and the inertial mass (m') can be 

obtained from the following: 
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Figure 4. Perturbation in the movement of a mass. 

 
 
 

Like the refraction rate 0n of (Equation 3), 0n  of 

(Equation 13) also corresponds to the fixed speed of light 
in (Equation 1) (Figure 4). Furthermore, regarding the 
correlation between the momentum of light (P) and the 
energy (E), there is no equivalence between the 
gravitational mass and the inertial mass (M = m); 
however, an equivalent based on the momentum of light 

( mwMCP  ) can be obtained: 

 

mw2vCmMCP 22            (14)  

     

mwC)2wM(vMCPCE 222  
       

 (15) 

 
When stationary under gravity (v = 0), we can obtain an 

approximation of the kinetic energy ( 2mv 2
) on the 

basis of Newtonian mechanics: 
 

)r2GM(wMCME 1

2

2
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If we use the progress of an atomic clock installed in a 
GPS satellite as an example (Ashby, 2007), 
 
Light wave speed on Earth’s surface 

sm8　299,792,45w 0   
Geocentric gravitational constant   

2314 sm103.986GM 
 

Radius of Earth 
m6,378,000　r 

 

Speed of light in free space  
r2GMwC

2

0 
   (18) 

 
 
 
  

Altitude of GPS satellite   
　　m20,200,000h 
 

Orbital velocity of GPS satellite  
sm3,874v 

 

Wave speed of GPS satellite   
h)(r2GMvCw 22 

 
             (19) 

Progress of clock  
)10(4.451ww 10

0


 (20)     

 
 
SPEED AND MASS OF PHOTONS UNDER GRAVITY 
 
The following can be derived from Einstein’s photon 
hypothesis and the electromagnetic wave energy of 
(Equation 2): 
 

hfPCE              (21) 

 
where h is Planck’s constant and f, the frequency. 
Furthermore, the following can be derived from Equations 
7, 15 and 21, although the frequency of the photon 

hypothesis is not given by λCf   but by w/λf  . 

 

mCfλmwChf             (22) 

 

mC

h
λ              (23) 

 
This is also understandable from the Compton Effect 
(Greiner, 2001a). When a material is exposed to X-rays, 
some of the rays are scattered and become secondary X-
rays. In the Compton Effect, the wavelengths of the 
secondary X-rays are larger than those of the incident 
ones. 
 

 
is

is
f

w

f

w
cosθ-1

mC

h
λλ           (24) 

 

where sλ  is the wavelength of the secondary X-rays; iλ , 

the wavelength of the incident X-rays; θ , the scattering 

angle; sf
, the frequency of the secondary X-rays; and if

, 
the frequency of the incident X-rays. In this case, energy 
is lost under scattering, resulting in a reduced frequency 

( is ff  ). Moreover, because the light wave speed (w) 

remains unchanged, the wavelength increases ( is λλ  ) 

(Figure 5).   
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Figure 5. Photon escaping from a gravitational field. 

 
 
 
However, with regard to the energy of the photons that 
escape from the gravitational field (that is, gravitational 
redshift), the frequency (f) remains unchanged and the 

gravitational potential (  0 ) decreases, resulting in 

an increase in the light wave speed ( ww 0
 ). Hence 

the wavelength increases ( λλ0
 ) and the energy 

Equation 21 is maintained, even with a slight decrease in 

the inertial mass ( mm0
 ). 

This is similar to Equation 20, where the progress of 
the atomic clock installed in the GPS satellite is faster 
than that of a clock on Earth’s surface, owing to the 
weakened gravitational pull of the GPS satellite. This 
indicates that the propagated photon should be handled 
in the same manner as a material with mass. 
 
 

SPEED OF LIGHT AND WAVE SPEED ARE 
DIFFERENT PHYSICAL QUANTITIES 
 

The Shapiro Delay (Shapiro, 1964) is a combined effect 
of gravitational blueshift and redshift. In this 
phenomenon, the distance and frequency do not change, 
and the electromagnetic wave speed is only reduced by 
the expansion and contraction of the wavelength under 
changes in the gravitational field. This results in a delay 
in the arrival time (Hosokawa, 2004). 

With regard to the relationships between the positions 
of several bodies, the Doppler Effect and gravitational 
blueshift and redshift are different phenomena. It has also 
been suspected that the speed of an electromagnetic 
wave does not change with frequency and energy (Abdo 
et al., 2009).  

For gravitational blueshift, 
 

hff)C()m()C(w)m())2()M((wMCE 22         
(27) 

For gravitational redshift, 
 

hff)C()m()C(w)m())2()M((wMCE 22           
(28) 

 

For Doppler blueshift, 
 

)h(f)f)(C()m(Cw)m()2)(wM()CM(E 22    
(29) 

 

For Doppler redshift, 
 

)h(f)f)(C()m(Cw)m()2)(wM()CM(E 22    
(30) 

 

In the above equations, E is the energy; M, the 
gravitational mass; C, the speed of light; w, the 
electromagnetic wave speed; 2φ, the gravitational 
potential; h, Plank’s constant; f, the frequency; m, the 
inertial mass; and λ, the wavelength. 
The ratio of the speed of light to the wave speed is the 
same as the ratios of the progress of the clock. The ratios 
of the progress of the clock and the wave propagation 
speed are constant relative to stationary observer under 
given conditions, and the speed of light is always the 
same. 
 

C ＝ (C/w) fλ 
 

However, the propagation speed of the electromagnetic 
wave changes with the position of the observer and with 
the conditions. 
 

C/w ＝ n: index of refraction  
 

This is similar to how the propagation speed of light 
waves changes in different mediums. 
 

C/n ＝ w ＝ fλ 

 
In  a  sense,  this  can  be  used  to   determine   when   a 
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Table 1. Comparison according to the theory of lens and redshift. 
 

  

Theory 
Gravitation  Weak field→ →Strong field→ 

→Weak field 
(observer) 

Phenomenon 
Wave 
length 

Frequency Velocity Energy wl f v e wl f v e 

General 
 theory of 
relativity  

Lens ー ー C ー ↓ ↑ C ↑ ー ー C ー 

Redshift     ー ー C ー ↑ ↓ C ↓ 

This 
paper 

Lens ー ー w ー ↓ ー ↓ ー ー ー ｗ ー 

Redshift     ー ー ｗ ー ↑ ー ↑ ー 

 
 
 
gravitational field is not a perfect vacuum (free space) 
and contains matter. If the binding energy is generated by 
the perturbation of objects separated by a distance, the 
potential energy would be restored. The equivalence 
principle of the momentum of light precisely relates all 
energy forms in space-time. 
 

C ＝ d/t 

 
In the above equation, d is the distance and t, the time. A 
random change in the local energy can therefore be 
distinguished from a cosmology-like space-time 
transformation. 
 
 
MATTER WAVE AND UNCERTAINTY RELATION 
 
It is not incorrect for the relation E = hf to be complete in 
a matter wave (Greiner, 2001b). It is incorrect to ignore 
both the light wave and the matter wave as a Lorentz 
invariance without the equivalence principle and 
correlation expecting relations, namely, v = fλ or C = fλ. 
The speed of the quantum, which changes to a different 
type, is expressed as given below. The energy speed of 
each quantum is the speed of light. 

 

2

2

1

22 wC wCv 
           

(31)
 

 
In the matter wave, a wavelength (speed) change and an 
inertial mass change have an inverse relation in a 
manner similar to the gravitational red (blue) shift of the 
electromagnetic wave. 

 

hff)C()m()wC()m())2()wM((MCE 22 n  ΔΔΔΔΔΔ  
(32) 

 
The reference time that we set artificially does not  
fluctuate. Therefore, energy and time do not show 
uncertainty relations. An observable result of the energy 
fluctuates from the space-time of the established 
reference. Even if the wave speed of the quantum 

fluctuates under gravity uncertainly, Planck’s constant 
remains, and is the reason called the Hertzian oscillator. 

The inverse relation of a wavelength (speed) change 
and an inertial mass change is similar to the group speed 
of the mixed wave and the relations of the phase velocity, 
and photons, matter waves, neutrino oscillations (Ahn et 
al., 2006), and so on can all be explained by the same 
mechanism. In the energy expression of the wave speed, 
speed lower than that of light in the mass-energy 
equivalence of mass have some meaning (Table 1). 
 
 

CONCLUSION 
 
The principles of electromagnetism state are that the 
speed of light is constant in free (virtual) space and that it 
is expressed by variable wave speeds in different 
mediums. Through this paper, it has been shown that the 
gravitational field could be expressed by the variable 
wave speed in different mediums. If the speed of light is 
assumed constant in the mass-energy equivalence, the 
invariant mass corresponds to the speed of light in free 
space, and the variable mass and variable wave speed in 
the matter field and the inertial system should be 
combined. The rest mass measured on the surface of 
Earth, which is not a free space, is not invariant. The 
progress of the clock by the ratio of the speed of light and 
the wave speed and the equivalence of the two masses 
must be directly linked to electromagnetism for the 
original unification of mechanics in only one supposition 
(C/w = m/M). The argument about whether a light wave is 
twisted or whether space-time is warped is not important. 
The inertia of light in the background has priority over the 
theory of relativity. Therefore, it is important how energy 
is observed from the view of free space. The equivalence 
principle of light’s momentum harmonizes observations 
from quantum theory to cosmology. 
 
 

Summary 
 
The speed and velocity, mass,  momentum,  energy,  and 

http://ejje.weblio.jp/content/quantum
http://ejje.weblio.jp/content/quantum
http://ejje.weblio.jp/content/oscillation
http://ejje.weblio.jp/content/of+the
http://ejje.weblio.jp/content/speed+of+light
http://ejje.weblio.jp/content/directly+linked+to


 

 

 
 
 
 
quantum resulting from the interrelation of the physical 
quantities based on the equivalence principle by the 
momentum of light are defined as follows: 
 
1. Speed and Velocity: The propagation speed of the 
light waves observed on Earth’s surface is (w), and the 
gravitational potential (2Φ) on Earth’s surface is given by 
Earth’s mass plus the gravitational potential 
corresponding to the speed of light (C) in free space. 

( 2wC 22  ) 

In the case of an object that has a center of gravity, the 
light wave speed (w) is decomposed into the particle 
velocity (v) and the wave speed (w). 

( 2wvC 222  ) 

 
2. Mass: The invariable gravitational mass (M) is 

proportional to the square of the speed of light (
2C ) and 

is the amount of matter that corresponds to the law of 
universal gravitation. The variable inertial mass (m) is 
proportional to the light wave speed (w) and is the 
amount of matter that corresponds to the law of 
conservation of momentum and Newtonian mechanics. 
 
3. Momentum: The momentum of light (P), momentum 
(MC) obtained from the invariable gravitational mass (M) 
and the speed of light (C), and momentum (mw) obtained 
from the variable inertial mass (m) and the light wave 

speed (w) are all equivalent (that is, mwMCP  ) and 

correspond to the momentum of the material conforming 
to the conservation of momentum and the laws of motion 
of Newtonian mechanics. 
 
4. Energy: For a substance that obeys the law of 
conservation of energy, the total energy (E) is calculated 

using the square of the speed of light (
2C ) and the 

invariant mass (M), whereas the particle energy is 
calculated using the velocity (v) of the center of gravity, 
light wave speed (w), gravitational potential (2ϕ), speed 
of light (C), and momentum of light (P). 

mwC)2wM(vMCPCE 222    

 
5. Quantum: The digital measurement of energy (E) is 
satisfied with the law of conservation of energy using the 

product of Planck’s constant (h), frequency ( λwf  ), 

and quantum number (n). 

nhfmwCMCPCE 2   
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